In this article we study the interaction between an impurity and the gas of Bogoliubov excitations 
I. INTRODUCTION
The polaron concept was first introduced by Landau [1] as a quasiparticle consisting of an electron and the polarization cloud that it drags along while moving in a polar crystal.
Since then, many different physical systems -ranging from solid state to high energy physics -have been mapped on the polaron problem. Among these realizations, one that has been the focus of much attention in the recent years is the BEC polaron, i.e. a quasiparticle arising from the interaction of an impurity with the Bogoliubov excitations of a Bose-Einstein condensate. The theoretical descriptions of the polaron problem can be classified according to the strength of the impurity-boson interaction for which they are valid. The weak coupling regime has been mostly studied by means of a perturbative treatment first developed by Fröhlich [2] or by a canonical transformation proposed by Lee-Low-Pines [3] based on a suggestion by Tomonaga [4, 5] . For the strong coupling regime the treatments, introduced by Landau and Pekar [6] and by Bogoliubov and Tyablikov [7] , are based respectively on the use of a trial localized wavefunction and again on a canonical transformation. In addition an all-coupling theory was developed by Feynman based on the path integral formalism [8] , the results of which were more recently reproduced by using the diagrammatic Monte Carlo method [9] . All these treatments were later applied to the case of the BEC polaron -see for example [10, 11] for weak coupling, [12] [13] [14] [15] [16] for strong coupling, and [17] for all coupling.
Also a renormalization group all-coupling study [18] was proposed. Recently an experimental setup suitable to investigate the BEC polaron was engineered consisting of Cs neutral impurities coupled to a Rb Bose-Einstein condensate [19] . In the context of Fermi gases, polaronic effects are expected in highly imbalanced Fermi gases in the extreme limit of a single down-spin particle coupled to an ideal gas of up-spins; the so called Fermi polaron has been examined both from a theoretical [20] [21] [22] [23] and from an experimental point of view [24, 25] . In this paper we propose a different version of the polaron problem in a Fermi system. In particular we consider the interaction of a single impurity atom with the collective excitations of a fermionic superfluid by mapping it on the same Hamiltonian used in the BEC polaron case. This ansatz is in principle valid only in the extreme BEC side of the Feshbach resonance where the main contribution to the physics of the system should come from the Bogoliubov excitations on top of a molecular BEC. In the framework of a recently developed effective field theory [26] this molecular condensate is described by a macroscopic wavefunction. The description in terms of a macroscopic wavefunction remains valid also when moving away from the BEC limit and towards unitarity, provided the coefficients of the field equation are properly adapted. This allows to calculate the dispersion relation for the Bogoliubov excitations of the superfluid, accounting for the effect of interaction, as the system goes across the BEC-BCS crossover. In turn, this allows to study how the properties of the BEC polaron change when the underlying condensate no longer consists of pointlike bosons, but of Cooper pairs. The polaron problem is then studied in the weak coupling limit by employing the well known T = 0 perturbative treatment and the behavior of effective mass and polaronic coupling constant is examined as function of the impurity-boson interaction and of the fermion-fermion interaction in the underlying superfluid. In experiments investigating impurities in Bose Einstein condensates, the polaronic coupling constant can be tuned by acting on the bare boson-boson and boson-impurity scattering lengths. Although methods have been proposed that could boost the polaronic coupling constant and make the strong-coupling regime accessible [19, 27] , up to now only the weak coupling situation has been achieved, hence motivating our focus on this interaction regime.
The present article is organized as follows: Section II is devoted to the outline of the theoretical model and the adaptation of the BEC Hamiltonian to the Fermi system. In section III the behavior of the polaronic coupling constant α and of the polaron effective mass are analyzed in a wide window of the BEC-BCS crossover. Finally section IV hosts the conclusions and final remarks.
II. THEORETICAL MODEL
The problem of a single impurity in a Bose-Einstein condensate can be described by an Hamiltonian of the form
where E GP represents the Gross-Pitaevskii energy of the condensate, N 0 is the number of particles in the condensate,p
is the kinetic energy of the impurity of mass m I , and
is the dispersion for a free boson of mass m B . In the last two terms, α † q (α q ) and ω q are respectively the creation (annihilation) operators and dispersion relation for the Bogoliubov excitations of the bosonic condensate (that play the role of the phonons in analogy with the solid state Fröhlich polaron case). The boson-impurity and boson-boson contact interactions are assumed to be s-wave and are governed respectively by the coupling constants g IB and g BB that can be related to the corresponding scattering lengths a IB and a BB trough the solution of the Lippmann-Schwinger equation.
In the present treatment the starting point is a fermionic superfluid. In the context of the effective field theory presented in [26] , such a system is described in terms of the bosonic superfluid order parameter Ψ by the action
where β is the inverse temperature and m F is the mass of the fermions. The analytic expressions for the coefficients of the EFT are given in [26] in terms of the order parameter Ψ, chemical potential µ, imbalance parameter ζ, and fermion-fermion inverse scattering length 1/a F F . To make this paper self-contained, these expressions are included in the appendix.
The Hamiltonian (1) is assumed to remain valid for the description of the fermionic system in the BEC regime i.e. for (large) positive values of 1/a F F . As mentioned above the goal of this paper is to describe the system away from the BEC limit by employing the Hamiltonian (1) with a modified dispersion relation for the bosonic excitation modes and with a modified condensate density. Both the dispersion relation and the condensate density now depend on the fermionic interaction strength 1/a F F . The number of particles in the condensate N 0 in (1) is calculated via the appropriate expression for a fermionic system that, at saddle point level, reads
where V is the system volume, and the Bogoliubov dispersion E k is given by
For what concerns the phonon dispersion ω q , in [26] the spectrum of collective excitations for an ultracold Fermi gas was calculated up to first order in the momentum q. The same treatment with the inclusion of terms of second order in q leads to the dispersion relation
With the introduction of the interaction-dependent mass for the bosonic excitation m B (λ) = m f / √ λ and the characteristic length ξ ≡ √ 2m B (λ)v S , the last expression becomes
By determining the quantities v S and λ appearing in (4) in terms of the coefficients of the EFT as
we can describe how ω q changes as the system goes across the BEC-BCS crossover. The .
Finally it has to be remarked that in principle both the boson-boson and impurity-boson scattering lengths a BB and a IB could be related to the fermion-fermion scattering length (see for example [28] [29] [30] ) but this would require a systematic treatment that lies beyond the scope of the present work. However, these quantities will combine into a dimensionless coupling strength, as a function of which we will study the results of our formalism.
Weak coupling limit for an impurity in a BEC condensate
In order to study the weak coupling regime for the system consisting of an impurity interacting with the collective Bogoliubov excitations of a fermionic superfluid at T = 0 we 
accounting for the kinetic energy of the free impurity and the gas of non-interacting collective excitations, plus a perturbation component
We start from an unperturbed state of the form |ψ k |∅ consisting of a free impurity described by a plane-wave eigenfunction ψ q = e ik·r / √ V and the vacuum state for the phonons |∅ , with energy E
. The first order correction to the energy
k is identically zero while the second order correction ∆E
The only excited states |exc contributing to this quantity are those consisting of the free impurity plus a single phonon, therefore the second order energy correction is
where in the last line we have introduced the expression for the Bogoliubov dispersion ω q in terms of the healing lenght ξ given in (5). Substituting the sum over momenta q with an integral and expanding the integrand in powers of the momentum k of the impurity leads to
where the dimensionless variables Q (and K) are defined as Q = ξq (and K = ξk). The term constant in K is divergent for large values of Q. This divergence is removed by including the regularized form of the boson-impurity coupling constant g IB .
The solution of the Lippmann-Schwinger equation up to second perturbative order gives
where we have introduced, in analogy with the case of an impurity in a BEC, the modified 
The quantity a * is defined as a * = 1/ (16πn c v 2 S /ǫ 2 0 ): in analogy with the BEC polaron case [17] -where the polaronic coupling constant is defined as α = a 2 IB /(a BB ξ) -we expect it to give a measure of the scattering length between the fermion pairs forming the superfluid.
Substituting (13) and (14) in the term N 0 g IB of the Hamiltonian provides us with the regularization necessary to have a converging integral for the energy that now reads
It is important to notice that the previous expression is consistent with the theoretical predictions for the weak coupling BEC polaron otained from the all-coupling Feynman treatment:
see for reference equation (22) in [17] .
III. INTERACTION PARAMETER AND EFFECTIVE MASS OF THE POLARON
As it is clear from (15) , the dimensionless parameter α -often referred to as the polaronic coupling constant -is the quantity that determines the magnitude of the perturbative corrections to the energy. Figure 2 depicts its dependence on the fermion-fermion interaction parameter (k F a F F ) −1 in the BEC-BCS crossover. A monotonic increase is found for α as the system approaches the BEC side of the Feshbach resonance. Moreover its value at fixed (k F a F F ) −1 increases with a IB . As espected, when the boson-impurity scattering length a IB is equal to zero α is also identically zero as the impurity does not interact with the superfluid.
From the expression for the energy (15) , also the effective mass of the polaron m * can be calculated by using the definition
Inserting the explicit expresion (15) for E 
(17) Figure 3 shows the behavior of the ratio between the effective mass of the polaron and the mass of the impurity across the BEC-BCS crossover for fixed values of a IB . A maximum for the ratio m * /m I is found for small positive values of the interaction parameter (k F a F F ) −1 .
Similar to the case of the interaction parameter α, as could be intuitively expected, also the value of the effective mass at fixed fermion-fermion interaction strength increases with the boson-impurity scattering length.
From both Fig.2 and Fig.3 it appears that a region of major relevance in the domain of values of the interaction parameter is the one around (k F a F F ) −1 ∼ 0.4. For the polaronic coupling constant α this is the region where a marked change in the slope of the curves in Fig.2 is observed. On the other hand, considering the behavior of the effective mass, from Fig.3 we notice that the maximum of the ratio m * /m I is also localized around this position.
The importance of this region of the interaction parameter domain was already pointed out in [31] where a peak in the inverse pair coherence length was detected suggesting a direct link between the appearence of particular features in this range of values of (k F a F F ) −1 and the intrinsic nature of the system. the context of a recently developed effective field theory [26] . The system was studied in the weak coupling regime in perturbation theory. In order for this kind of treatment to be valid we had to restrict the analysis to the T = 0 situation. However, as discussed in [31] in regard to dark solitons, this requirement on the temperature introduces a limitation on the reliability of the EFT away from the BEC limit. Given this consideration we remark that the results at unitarity and in the BCS regime can be seen just as qualitative predictions.
The main focus of this paper was the calculation of the effective mass of the polaron and the analysis of its behavior across the BEC-BCS crossover. For a fixed value of the fermionfermion interaction strength (k F a F F ) −1 the effective mass is shown to increase with the impurity-boson scattering length. The behavior across the BEC-BCS crossover is not monotonic: in particular a broad peak in the value of m * is found on the near BEC side of the resonance. In the extreme BEC limit the results of the BEC polaron problem are correctly retreived. The polaron effective mass has already been succesfully measured in experiments on ionic crystals and polar semiconductors [32] . The recent proposal of an experimental setup for the study of the BEC polaron [19] opens the door to the possibilty of measuring this property also in systems like the one considered in the present paper.
Also the variation of the polaronic coupling parameter α was studied as a function of the fermion-fermion interaction, finding a monotonic increase as the system goes from the BCS towards the BEC regime.
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